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Abstract
ABoolean algebra B is well generated, if it has a well-founded sublattice L such that L generates B.
Let B be a superatomic Boolean algebra. The rank of B (rk(B)) is deﬁned to be the Cantor Bendixon
rank of the Stone space X of B. For every i rk(B) let i (B) be the number of isolated points in
the i’s Cantor Bendixon derivative of X. The cardinal sequence of B is deﬁned as (B) := 〈i (B) :
i rk(X)〉. If a ∈ B − {0}, then the rank of a (rk(a)) is deﬁned as the rank of the Boolean algebra
Ba := {b ∈ B : ba}.An element a ∈ B−{0} is a generalized atom (a ∈ Ât(B)), if the last cardinal
in the cardinal sequence of Ba is 1. Let a, b ∈ Ât(B). We denote a∼Bb, if rk(a)= rk(b)= rk(a ·b).
A subsetH ⊆ Ât(B) is a complete set of representatives (CSR) for B, if for every a ∈ Ât(B) there is a
unique b ∈ H such that b∼Ba. Any CSR for B generates B.We say that B is hereditarily decreasingly
canonically well generated, if for every subalgebra C of B and every CSR H for C there is a CSR M
for C such that: (1) for every a ∈ H and b ∈ M: if b∼Ca then ba; (2) the sublattice of C generated
by M is well founded.
Theorem. Assume (MA + ℵ1< 2ℵ0 ). Let  be a countable ordinal, < 2ℵ0 and n<. If B is a
superatomic Boolean algebra such that (B) = 〈ℵ0 : i < 〉̂ 〈,ℵ1, n〉 or (B) = 〈ℵ0, 2ℵ0 ,ℵ1, n〉,
then B is hereditarily decreasingly canonically well generated.
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1. Introduction
For Boolean algebras we use the notations of [6]. Thus +, ·, − and  denote the join,
meet, complementation and partial ordering of a Boolean algebra B. The zero and one of B
are denoted by 0B and 1B . If B is understood from the context, the superscript B is omitted.
For a subset A ⊆ B, clB(A) denotes the subalgebra of B generated by A. However, clB(A)
is usually abbreviated by cl(A).
A Boolean algebra B is superatomic, if every homomorphic image of B has an atom.
A Boolean algebra B is called a well-generated algebra, if B has a sublattice G such that
cl(G)= B and 〈G, BG〉 is well founded.
Every well-generated algebra is superatomic. This is proved in [3, Proposition 2.7(b)].
However, the proof is easy, and can be found by the reader.
We deﬁne the notions used in the statement of Main Theorem 1.4. We ﬁrst describe the
Boolean algebraic dual of the Cantor Bendixon’s derivation. Let B be a Boolean algebra.
At(B) denotes the set of atoms of B, and IAt(B) denotes the ideal of B generated by At(B).
Note that IAt(B) may be equal to B; that is, we regard B as an ideal of B. We deﬁne by
induction on ordinals the sequence of canonical ideals ofB. Let I0(B)={0}. Suppose that the
ideal I(B) has been deﬁned. Let : B → B/I(B) denote the canonical homomorphism
from B onto B/I(B). We deﬁne
I+1(B)= −1 [IAt(B/I(B))].
If  is a limit ordinal, then we deﬁne
I(B)=
⋃
<
I(B).
It is well known and easy to prove that a Boolean algebra B is superatomic, iff for some
ordinal , B/I(B) is ﬁnite. We call the ﬁrst such  the rank of B, and denote it by rk(B).
But if B = {0}, then we deﬁne rk(B)=−1.
For rk(B) let Ât(B)={a ∈ B : a/I(B) ∈ At(B/I(B))}. Let Ât(B)=⋃{Ât(B) :
rk(B)}.
Let B be a superatomic Boolean algebra. For every rk(B) let (B)=|At(B/I(B))|.
The sequence (B) := 〈(B) : rk(B)〉 is called the cardinal sequence of B.
We deﬁne the following equivalence relation on B. If a, b ∈ B, then a∼Bb means that
either: (i) a = b = 0; or (ii) there is  such that a/I(B) = b/I(B) = 0. Note that ∼B is
an equivalence relation on B.
Parts (b)–(d) of the next deﬁnition introduce increasingly stronger notions of well gen-
eratedness.
Deﬁnition 1.1. Let B be a superatomic Boolean algebra.
(a) Let H ⊆ B and let I ⊆ B be an ideal. H is a complete set of representatives (CSR)
for I in B, if H ⊆ Ât(B) ∩ I , and for every a ∈ Ât(B) ∩ I there is a unique b ∈ H such
that b∼Ba. If I = B, then H is called a CSR for B.
(b) B is a canonically well generated (CWG), if there is a CSR H for B such that the
sublattice generated by H is well founded; H is called a canonical well generating subset
(CWG subset) of B.
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(c) B is decreasingly canonically well generated (DCWG), if for every CSR H for B
there is a CWG subset H ′ for B such that for every a ∈ H and a′ ∈ H ′ ∩ (a/∼B),
a′a.
(d) B is hereditarily decreasingly canonically well generated (HDCWG), if every subal-
gebra of B is DCWG.
Canonical well generatedness implies well generatedness. This fact follows from the next
proposition which is a restatement of [3, Lemma 2.2(b)].
Proposition 1.2. Let I be an ideal in a superatomic Boolean algebra B, and H be a CSR
for I in B. Then H generates cl(I ).
The ﬁrst two implications below are obvious, the third follows from Proposition 1.2.
None of them can be reversed.
HDCWG ⇒ DCWG ⇒ CWG ⇒ WG.
AWGBoolean algebra which is not CWG appears in [3, Proposition 3.25(a)]. The Boolean
algebraB∗ constructed in [3, Proposition 3.15] is CWGbut not DCWG.The interval algebra
B(1) of1 is DCWG, (in fact, this is true for the interval algebra of every scattered chain).
In [5, Theorem 4.1] a subalgebra of the free product B(1)∗B(1) is shown to be not well
generated. However, it is easy to see that the free product of two DCWG Boolean algebras
is DCWG. So B(1) ∗ B(1) is DCWG but not HDWG.
Question 1.3. Is it true that every hereditarily canonically well generated Boolean algebra
is DCWG?
Well-generated Boolean algebras were investigated in [1–4].
Theorem 1.4 (Main Theorem). AssumeMA ∧ (ℵ1< 2ℵ0).
(a) Let  be a countable ordinal, and < 2ℵ0 . Let B be a Boolean algebra such that
(B)= 〈ℵ0 : i < 〉̂ 〈,ℵ1, n〉. Then B is HDCWG.
(b) Let B be a Boolean algebra such that (B)= 〈ℵ0, 2ℵ0 ,ℵ1, n〉. Then B is HDCWG.
2. The proof of the Main Theorem
Let a, b ∈ B. We say that a is almost contained in b (aBb), if either a = 0 or
rkB(a − b)< rkB(a). Equivalently, aBb if either a = 0 or 0 = a/I(B)b/I(B) for
some ordinal . So a∼Bb iff aBb and bBa.
The trivial veriﬁcation of the following facts is left to the reader.
Proposition 2.1. Let B be a Boolean algebra and a, a′, b, b′, c ∈ B.
(a) If a∼Ba′Bb′b, then aBb.
(b) aBb and aBc iff aB(b · c).
(c) aBb iff a∼Ba · b.
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(d) If a ∈ Ât(B) and aB(b + c), then aBb or aBc.
(e) If a ∈ Ât(B) satisﬁes aBb, then a − b∼Ba.
Note that the relationB is not transitive.The following is a restatement of [3, Proposition
2.10(b)].
Proposition 2.2. Suppose that B is a superatomic Boolean algebra, and H is a CSR for B.
If for every a, b ∈ H : aBb implies ab, then H is a CWG subset of B.
Let A be a superatomic Boolean algebra. For a ∈ A, we deﬁne the multiplicity of a
in A, and denote it by mltA(a). Let a ∈ A − {0}, and let rkA(a) = . Let 	 ⊆ Ât(A)
be a partition of a, then mltA(a) := |	|. Also, mltA(0) := 0. The full rank of a in A is
deﬁned as frkA(a) := 〈rkA(a),mltA(a)〉. The class of full ranks is linearly ordered by the
lexicographic order.
Lemma 2.3. Let H be a CSR for an ideal I in a superatomic Boolean algebra B. Then for
every a ∈ I , there is a ﬁnite set 	 ⊆ H such that a
	, and for every b ∈ 	, bBa. So if
b ∈ 	 then rkB(b)rkB(a).
Proof. Suppose that this is not true. Let a ∈ I −{0} be a counter-example in which rkB(a)
is minimal. Let = rkB(a) and 	 ⊆ Ât(B) be a ﬁnite set such that a = 
	. For c ∈ 	 let
cˆ ∈ Hbe such that cˆ∼Bc; and let 	ˆ = {cˆ : c ∈ 	}. Let b = a − 
	ˆ and  = rkB(b). Since
a∼B
	ˆ, < . If b = 0, then a
	ˆ, a contradiction. Suppose that b = 0. Since < 
and ba, there is a ﬁnite set  ⊆ H such that b
 and for every c ∈ , cBb. Then
	ˆ ∪  ⊆ H , a
(	ˆ ∪ ), and for every c ∈ 	ˆ ∪ , cBa. A contradiction. 
For a set A ⊆ B let A∗ = {a ∈ A : ¬(∃b ∈ A − {a})(aBb)}, A2∗ = (A − A∗)∗ and
A− = A− A∗ − A2∗.
Lemma 2.4. AssumeMA ∧ (ℵ1< 2ℵ0).
Suppose that B has an ideal I and a CSR H for I which satisfy the following conditions.
(1) |B|< 2ℵ0 .
(2) rk(B)<ℵ1.
(3) B/I is ﬁnite.
(4) |H−|ℵ0.
(5) There is a family {Ua : a ∈ H ∗} such that:
(P1) for every a ∈ H ∗, Ua ⊆ I and |Ua|ℵ0;
(P2) for every a ∈ H 2∗, {b ∈ H ∗ : aBb and a /∈Ub} is ﬁnite.
Then B is DCWG.
Proof. Let , ∼ abbreviate B , ∼B . We prove the following claim.
Main Claim. There is a CSR H ′ for I such that:
(1) for every a, b ∈ H ′, if a  b, then ab;
(2) for every a ∈ H and a′ ∈ H ′ ∩ (a/ ∼), a′a.
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Proof. We deﬁne a forcing set 〈P, 〉.
For p,E ⊆ B, let E[p] = {e ∈ E : there is e′ ∈ p such that e′ ∼ e}.
For every a ∈ H 2∗ let Bad(a)= {b ∈ H ∗ : a  b and a /∈Ub}.
A member p of P is a ﬁnite subset of I ∩ Ât(B) that has the following properties.
(F1) For every a, b ∈ p: if a  b then ab.
(F2) If b ∈ p and a ∈ H ∩ (b/ ∼), then ba.
(F3) If b ∈ p, a ∈ H ∗ and b ∼ a, then b ∈ cl({a} ∪ Ua ∪H−).
(F4) For every a ∈ H 2∗[p], Bad(a) ⊆ H ∗[p].
We deﬁne pq if p ⊆ q.
The following fact is easily veriﬁed.
Fact 1. If a ∈ H , b ∈ H −H ∗ and a  b = a, then a ∈ H−.
Let J be the ideal of B generated by H−.
Fact 2. H− is a CSR for J.
Proof. Let a ∈ J ∩Ât(B). Since J is the ideal generated byH−, there is a ﬁnite set 	 ⊆ H−
such that a
	. Since a ∈ Ât(B), by Proposition 2.1(d), there is b ∈ 	 such that a  b.
J ⊆ I and H is a CSR for I. So there is c ∈ H such that c ∼ a. Hence c  b. So c ∈ H
and c  b ∈ H− ⊆ H −H ∗. By Fact 1, c ∈ H−. So H− is a CSR for J.
Fact 3.
(1) If a ∈ H 2∗, p ∈ P and b ∈ p ∩ (a/ ∼), then b ∈ cl({a} ∪H−).
(2) If a ∈ H−, p ∈ P and b ∈ p ∩ (a/ ∼), then b ∈ cl(H−).
Proof. (1) By F2, b=a− (a−b).We show that a−b ∈ cl(H−). a−b ∈ I . So by Lemma
2.3, there is a ﬁnite 	 ⊆ H such that a − b
	, and for every c ∈ 	, c  a − b. So for
every c ∈ 	, c  a. a ∈ H 2∗ ⊆ H −H ∗, and since a ∼ b, rk(c)< rk(a) for every c ∈ 	.
So by Fact 1, 	 ⊆ H−. Hence a − b ∈ J . By Fact 2 and Proposition 1.2, a − b ∈ cl(H−).
So b ∈ cl({a} ∪H−).
(2) By F2, ba. So b ∈ J . By Fact 2 and Proposition 1.2, b ∈ cl(H−).
Fact 4 (Density). For every p ∈ P and a ∈ H there is qp such that q ∩ (a/ ∼) = ∅.
Proof. Let p ∈ P and a ∈ H . If p ∩ (a/ ∼) = ∅, then there is nothing to prove.
Suppose that this is not the case. That is a /∈H [p]. First we assume that a ∈ H− ∪H ∗. Let
	(a, p)= {c ∈ p : c  a}, (a, p)= {c ∈ p : a  c} and b = (a − 
	(a, p)) ·(a, p).
It is obvious that b ∼ a and we show that p ∪ {b} ∈ P.
(F1) F1 holds because there is no c ∈ p such that c  b and because for every c ∈ p: if
a  c, then bc.
(F2) F2 holds since ba.
(F3) If a ∈ H−, then it is trivial that F3 holds. Suppose that a ∈ H ∗. Then (a, p)= ∅.
So b = a − 
	(a, p). We show that 	(a, p) ⊆ cl(Ua ∪ H−). Let c ∈ 	(a, p) and let
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d ∈ (c/ ∼) ∩H . Since d  a, d ∈ H− ∪H 2∗. If d ∈ H−, then by Fact 3(2), c ∈ cl(H−).
Suppose that d ∈ H 2∗. Since p satisﬁes F4 and a /∈H [p], a /∈Bad(d). Combined with
the fact that d  a, this implies that d ∈ Ua . Applying Fact 3(1) to d we conclude that
c ∈ cl({d} ∪ H−). So c ∈ cl(Ua ∪ H−). Hence 	(a, p) ⊆ cl(Ua ∪ H−), and thus

	(a, p) ∈ cl(Ua ∪H−). We have shown that p ∪ {b} satisﬁes (F3).
(F4) Since p satisﬁes F4, and a /∈H 2∗, p ∪ {b} satisﬁes (F4).
We now assume that a ∈ H 2∗. By the previous case, there is rp such that for every
c ∈ Bad(a), (c/ ∼) ∩ r = ∅. We deﬁne b just as in the previous case, (using of course r
instead of p). Let q= r ∪{b}. The argument that q satisﬁes (F1) and (F2) is exactly as in the
previous case. (F3) is fulﬁlled automatically, since a /∈H ∗; and (F4) is fulﬁlled because r
contains a representative for every member of Bad(a). So q is as required. We have proved
Fact 4.
Our next goal is the proof that 〈P, 〉 is c.c.c.
Fact 5. For every a ∈ H , |{b ∼ a : there is p ∈ P such that b ∈ p}|ℵ0.
Proof. (i) If a ∈ H−, then Fact 5 follows from Clause 4 in the lemma and from Fact 3(2).
(ii) If a ∈ H 2∗, then Fact 5 follows from Clause 4 in the lemma and from Fact 3(1). (iii) If
a ∈ H ∗, then Fact 5 follows from Clause 5(P1) in the lemma and from (F3).
If L is a CSR for an ideal J and a ∈ J ∩ Ât(B), then hL(a) denotes the unique b ∈ L
such that a ∼ b.
Fact 6. 〈P, 〉 is c.c.c.
Proof. For a∈Ât(B), let h(a) abbreviate hH (a). For A⊆I let A(−):={a ∈ A : h(a)∈H−}.
Let {pi : i <ℵ1} ⊆ P. Suppose by contradiction that for every distinct i, j <ℵ1, pi and
pj are incompatible.
|H−|ℵ0 and so |cl(H−)|ℵ0, hence we may assume that:
(1) There is a ﬁnite set 	 ⊆ cl(H−) such that for every i <ℵ1, p(−)i = 	.
We may also assume that {H [pi] : i <ℵ1} is a -system. Let ′ be a ﬁnite subset of
H ∗ ∪H 2∗ such that:
(2) H [	] ∪ ′ is the kernel of {H [pi] : i <ℵ1}.
By Fact 5, we may assume that there is a ﬁnite set  ⊆ I such that:
(3) H [] = ′, and {pi : i <ℵ1} is a -system with kernel 	 ∪ .
It follows that:
(4) h⋃{pi : i <ℵ1} is one-to-one.
We note that:
(5) If p, q ∈ P, a ∈ p, b ∈ q and a  b, then h(a)  h(b).
This is true because h(a) ∼ a  bh(b).
(6) If i, j <ℵ1, a ∈ pi − (	 ∪ ) and b ∈ pj − (	 ∪ ) are distinct and a  b, then
h(a) ∈ H 2∗ and h(b) ∈ H ∗.
This is argued as follows. By (5), h(a)  h(b). Since a, b /∈	∪, h(a), h(b) /∈H [	]∪′.
By (4), h(a) = h(b). So h(a) /∈H ∗. By the fact that a /∈	 and by (1), h(a) /∈H−. So h(a) ∈
H 2∗. Since h(a)  h(b) and h(a) = h(b), h(b) ∈ H ∗.
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For i, j <ℵ1 and distinct a ∈ pi − (	 ∪ ) and b ∈ pj − (	 ∪ ) let
Ca,b =
{
c ∈
⋃
{p : <ℵ1} : c  a and c  b
}
.
(7) Ca,b is ﬁnite.
Suppose ﬁrst that a  b. Then by (6), h(a) ∈ H 2∗. If c ∈ Ca,b, then by (5), h(c)  h(a).
So either (i): h(c) = h(a) or (ii): h(c) ∈ H−. If (i) happens, then by (4) c = a, and if (ii)
happens, then by (1), c ∈ 	. So Ca,b ⊆ 	 ∪ {a}. Next assume that ab and ba. Suppose
by contradiction that Ca,b is inﬁnite. Clearly, rkB(a · b)< rkB(a), rkB(b). By Lemma 2.3,
there is a ﬁnite  ⊆ H such that a · b
 and for every d ∈ , d  a · b. So there is d ∈ 	
such that C := {c ∈ Ca,b : c  d} is inﬁnite. By (4), there is at most one e ∈ C such that
h(e) = d, that is, C − h−1(d) is inﬁnite. The inequality d  a · bah(a) implies that
d  h(a). Let c ∈ C − h−1(d), then h(c)  d. Also, h(c), d, h(a) are pairwise distinct.
Hence h(c) ∈ H−. By (1), c ∈ 	. This is a contradiction since 	 is ﬁnite and C − h−1(d)
is inﬁnite. So Ca,b is ﬁnite.
By (7), there is a closed and unbounded set F such that for every  ∈ F and distinct
a, b ∈⋃{pi : i < } − 	− , Ca,b ⊆⋃{pi : i < }.
Replacing {pi : i <ℵ1} by {pi : i ∈ F } it may be assumed that:
(8) for every i, j <ℵ1, k > i, j , distinct a, b ∈ pi ∪ pj − 	−  and c ∈ pk: it is not true
that c  a, b.
We may assume also that there is n ∈  such that for every i <ℵ1, |pi − 	− | = n. Let
pi − 	− = { ai,0, . . . , ai,n−1}. We color the set of unordered pairs of  in ﬁnitely many
colors. (An unordered pair may have more than one color.) Let i < j < and k, <n.
The pair {i, j} has the color 〈0, k, 〉, if aj,k  a+i, and aj,ka+i,.
The pair {i, j} has the color 〈1, k, 〉, if a+i,k  aj, and a+i,kaj,.
Since, by our assumption, distinct members of {pi : i <ℵ1} are incompatible, every
unordered pair in  has a color.
Let w ⊆  be an inﬁnite monochromatic set.
Suppose by contradiction that the color of w is of the form 〈1, k, 〉. Let i < j1, j2 be
distinct members of w. Then j1, j2<+ i and a+i,k  aj1,, aj2,. This contradicts (8).
Suppose by contradiction that the color ofw has the form 〈0, k, 〉. Let i1, i2 be the ﬁrst two
members of w. Then for every j ∈ w − {i1, i2}, aj,k  a+i1,, a+i2,. So Ca+i1,,a+i2,
is inﬁnite. This contradicts (7). Fact 6 is proved.
By Fact 4, for every a ∈ H , the set Va := {p ∈ P : a ∈ H [p]} is dense in P. Let F be a
ﬁlter in P which intersects all the Va’s. It is obvious that H ′ := ⋃F is a CSR for I which
satisﬁes the requirements of the Main Claim. 
Proof of the Lemma. Let I and H be as given in the lemma. Let L be a CSR for B. We
show that there is a canonical well generating set M1 for B such that for every a ∈ M1,
ahL(a). Let
L1 = {a · b : a ∈ L, b ∈ H and a ∼ b} and L2 = L−
⋃
{b/ ∼: b ∈ H }.
Note thatL1 ⊆ I andL2∩I=∅. Clearly,L1∪L2 is a CSR for B, and for every a ∈ L1∪L2,
ahL(a).
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We show that L2 is ﬁnite. Suppose by contradiction otherwise. Then there is a sequence
{ai : i ∈ } ⊆ L2 of pairwise distinct elements such that for every i < j , rkB(ai)rkB(aj ).
Let bi = ai −∑j<iaj . Then for every i < j , bi ∼ ai and bi · bj = 0. If bi ∈ I , then ai ∼
bi ∼ hH (bi) ∈ H . This contradicts the deﬁnition of L2. So bi /∈ I . Hence B/I is inﬁnite.
This contradicts Clause 3 of the lemma.
LetL2={ a0, . . . , an−1}.Wemay assume that for every i < j <n rkB(ai)rkB(aj ). For
every i < n let bi = ai −∑j<i aj . Then for every i < n, bi ∼ ai . Let L3= { b0, . . . , bn−1}.
So L1 ∪ L3 is a CSR for B, and for every c ∈ L1 ∪ L3, chL1∪L2(c). For every a ∈ L1
we deﬁne m(a). If for some i < n, a  bi , let m(a) = a · bi . Otherwise let m(a) = a. Let
M = {m(a) : a ∈ L1}.
We shall need the following facts.
Fact 1.
(i) M is a CSR for I and L3 ∪M is a CSR for B.
(ii) For every a ∈ L3 ∪M , ahL(a).
(iii) If a ∈ M , i < n and a  bi , then abi .
(iv) If a ∈ M and i < n, then bia.
Proof. Parts (i)–(iii) are direct consequences of the construction. We check (iv). Suppose
by contradiction that bi  a. Then c := bi · a ∼ bi and c ∈ I . So there is d ∈ H such that
c ∼ d. Hence d ∼ bi ∼ ai . This contradicts the fact that ai ∈ L2.
Fact 2. If a, b ∈ M and a  b, then hH (a)  hH (b).
Proof. hH (a) ∼ a  bhH (b). So hH (a)  hH (b).
Fact 3. If a ∈ M and hH (a) /∈H ∗, then |{b ∈ M : b  a}|ℵ0.
Proof. The function hH M is injective, and by Fact 2,
hH ({b ∈ M : b  a}) ⊆ {b ∈ H : b  hH (a)}.
Since hH (a) /∈H ∗, {b ∈ H : b  hH (a)} ⊆ H− ∪ {hH (a)}. So this set is countable. By
the injectivity of hH M , |{b ∈ M : b  a}|ℵ0.
Fact 4. |M−|ℵ0.
Proof. This follows from Fact 2 and the injectiveness of hH M .
Fact 4 means that M satisﬁes Clause 4 in the statement of the lemma. We shall now
deﬁne a family {V a : a ∈ M∗} which satisﬁes Clause 5 in the statement of the lemma.
It is obvious that {Ua ∩ H : a ∈ H ∗} satisﬁes Clause 5 in the statement of the lemma.
So we assume that for every a ∈ H ∗, Ua ⊆ H . Let a ∈ M∗. If hH (a) /∈H ∗, then V a :=
{b ∈ M : b  a}. If hH (a) ∈ H ∗, then V a := {hM(b) : b ∈ UhH (a)}.
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We check that (5)(P1) holds. If hH (a) /∈H ∗, then by Fact 3, |V a|ℵ0. If hH (a) ∈ H ∗,
then the fact that |UhH (a)|ℵ0, implies that |V a|ℵ0.
We check that (5)(P2) holds. For b ∈ M2∗ let
BadM(b) := {a ∈ M∗ : b  a and b /∈V a},
and for b ∈ H 2∗ let
BadH (b) := {a ∈ H ∗ : b  a and b /∈Ua}.
Let b ∈ M2∗ and a ∈ BadM(b). Note that b /∈V a . If hH (a) /∈H ∗, then V a = {b ∈ M :
b  a}, and thus b ∈ V a . A contradiction. So hH (a) ∈ H ∗. By Fact 2 and since b  a,
hH (b)  hH (a). If hH (a) /∈BadH (hH (b)), hH (b) ∈ UhH (a). So hM(hH (b)) ∈ V a . But
hM(hH (b)) = b, and thus b ∈ V a . A contradiction. So hH (a) ∈ BadH (hH (b)). Since
BadH (hH (b)) is ﬁnite and hH M is one-to-one, BadM(b) is ﬁnite. So {V b : b ∈ M2∗}
satisﬁes (5)(P2).
We apply the Main Claim to I, M and {V b : b ∈ M2∗}. So there is a CSRM ′ for I such
that:
(1) for every a, b ∈ M ′, if a  b, then ab;
(2) for every a ∈ M and a′ ∈ M ′ ∩ (a/ ∼), a′a.
By Fact 1(i),M ′ ∪ L3 is a CSR for B. By (2) and by Fact 1(ii), for every a ∈ M ′ ∪ L3,
ahL(a). By (1) and Fact 1(iii) and (iv), for every a, b ∈ M ′ ∪L3, if a  b, then ab. So
by Proposition 2.2,M ′ ∪ L3 is a canonical well-generating set for B. So B is decreasingly
well generated. 
Lemma 2.5. Let  be a countable ordinal and , < 2ℵ0 . Let B be a Boolean algebra such
that (B)=〈ℵ0 : i < 〉̂ 〈, , n〉. Suppose that I := I+2(B) has aCSRHwith the following
property. There is a family {Ua : a ∈ H ∩ Ât+1(B)} with the following properties.
(P1) For every a ∈ H ∩ Ât+1(B), Ua ⊆ I and |Ua|ℵ0.
(P2) For every a ∈ H , {b ∈ H ∩ Ât+1(B) : aBb and a /∈Ub} is ﬁnite.
Let B1 be a subalgebra of B. Then there are an ideal I1 of B1, a CSR H1 for I1, and a
family {Ua1 : a ∈ H ∗1 } such that Clauses (1)–(5) of Lemma 2.4 are fullﬁlled for I1, H1 and{Ua1 : a ∈ H ∗1 }.
Proof. Let B1 be a subalgebra of B, and I1 = B1 ∩ I . Then Clauses (1)–(3) of Lemma 2.4
are fullﬁlled.
Let a ∈ B1. We say that a is B-minimal if for every a′ ∈ B1: if a′∼B1a, then frkB(a)
frkB(a′). Let H ′1 be a CSR for I1.
Fact 1. There is m : H ′1 → B1 such that
(1) for every h ∈ H ′1, h∼B1m(h)h; and
(2) for every h ∈ H ′1, m(h) is B-minimal.
Proof. Let h ∈ H ′1. Let m1(h) ∈ B1 be such that m1(h)∼B1h and m1(h) is B-minimal.
Let m(h) = h · m1(h). Then h∼B1m(h)h. Since h∼B1m(h)m1(h), frkB(m(h)) =
frkB(m1(h)). Fact 1 is proved.
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LetH1={m(h) : h ∈ H ′1}. SinceH ′1 is aCSRfor I1 and for everyh ∈ H ′1,h∼B1m(h)h ∈
H ′1 ⊆ I1. So H1 is a CSR for I1.
Fact 2. Let a, b ∈ H1. If aB1b then aBb.
Proof. Suppose by contradiction that aBb. Then rkB(a− b)= rkB(a), and thus frkB(a ·
b)< frkB(a). But a · b∼B1a. So a is not B-minimal. A contradiction.
Fact 3. Let a, b ∈ H1. If aB1b and a = b then rkB(a)< rkB(b).
Proof. Suppose by contradiction that rkB(a)rkB(b). Since aB1b, by Fact 2, aBb. So
rkB(a)= rkB(b). Since aBb, rkB(a−b)< rkB(a) and thus rkB(a ·b)= rkB(a)= rkB(b).
Hence frkB(b−a)< frkB(b) and thus b is not B-minimal.A contradiction. Fact 3 is proved.
Let c ∈ B − {0}. By Lemma 2.3, we denote by 	c the unique ﬁnite subset of H ∩
ÂtrkB(c)(B) such that c∼B
	c.
Fact 4. Let a, b ∈ H1. If a /∼B1b then 	a ∩ 	b = ∅.
Proof. We may assume that aB1b. By contradiction, suppose that 	a ∩ 	b = ∅. Hence
rkB(a)=rkB(b) and frkB(a−b)< frkB(a). Since aB1b, by Proposition 2.1(e), a∼B1a−b.
So a is not B-minimal. A contradiction.
Let a ∈ H−1 . Then there are b, c ∈ H1 such that aB1bB1c and a = b = c. By Fact 3,
rkB(a)< rkB(b)< rkB(c)< + 2. So rkB(a)< . That is, a ∈ I(B). So H−1 ⊆ I(B) and
thus |H−1 | |I(B)|ℵ0. Clause (4) of Lemma 2.4 is fullﬁlled.
It remains to show Clause (5) of Lemma 2.4. For every a ∈ H ∗1 we deﬁne Ua1 .
If rkB(a)<  + 1, let Ua1 = {b ∈ H1 : bB1a}. We show that if rkB(a)<  + 1 then|Ua1 |ℵ0. Since rkB(a), |Ba|ℵ0. Since B1a ⊆ Ba, |B1a|ℵ0. Let b, c ∈ Ua1
be distinct. Then b∼B1b · a and c∼B1c · a. Since b /∼B1c, b · a = c · a. That is the function
b → b · a from Ua1 toB1a is one-to-one. Hence |Ua1 |ℵ0.
Next, suppose that rkB(a)= + 1. We deﬁne Ua1 =
⋃4
i=2 Uai where:
Ua2 = {b ∈ H1 ∩ I(B) : bB1a},
Ua3 = {b ∈ H1 : bB1a and (∃a′ ∈ 	a)(∃b′ ∈ Ua
′
)((rkB(b′)= ) ∧ (b′Bb))},
Ua4 = {b ∈ H1 : bB1a and rkB(b · (a − 
	a))= }.
We show that for every a ∈ H ∗1 : if rkB(a) =  + 1 then |Ua1 |ℵ0. Since I(B) is
countable, |Ua2 |ℵ0. We prove that |Ua3 |ℵ0. By contradiction, suppose that |Ua3 |>ℵ0.
Then there are b1, b2 ∈ Ua3 − {a}, a′ ∈ 	a and b′ ∈ Ua
′
such that rkB(b′) = , b1 = b2
and b′Bb1, b2. By Fact 3, for i = 1, 2,  = rkB(b′)rkB(bi)< rkB(a) =  + 1. Hence
rkB(b1)= rkB(b2)= . Since b′Bb1, b2, rkB(b1 ·b2)= . Hence frkB(b1−b2)< frkB(b1)
and frkB(b2 − b1)< frkB(b2). But either b1 − b2∼Bb1 or b2 − b1∼Bb2 (since otherwise
b1 − b2∼Bb1 · b2∼Bb2 − b1). This contradicts the B-minimality of members of H1. We
have proved that |Ua3 |ℵ0.
We prove that |Ua4 |<ℵ0. Suppose by contradiction that Ua4 is inﬁnite. By the deﬁnition
of Ua4 , Fact 3, and the fact that bB1a: if b ∈ Ua4 then  = rkB(a − 
	a) = rkB(b). Let
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 ⊆ H ∩ Ât(B) be a ﬁnite set such that a − 
	a∼B
. For every b ∈ Ua4 − {a} there
is b′ ∈  such that b′Bb. So there are b′ ∈  and distinct b1, b2 ∈ Ua4 − {a} such that
(†): b′Bb1, b2 and rkB(b′) = rkB(b1) = rkB(b2) = . We have (‡): b1B1b2: otherwise
b1B1b2and thus, by Fact 3, rkB(b1)< rkB(b2); that contradicts (†). By (†), b′Bb1 ·b2 and
rkB(b1 · b2)= rkB(b1)= rkB(b2). Hence frkB(b1− b2)< frkB(b1). By (‡), b1∼B1b1− b2.
This contradicts the B-minimality of b1. We have proved that Ua4 is ﬁnite. So |Ua1 |ℵ0.
We have proved that {Ua1 : a ∈ H ∗1 } satisﬁes Clause (5)(P1) of Lemma 2.4.
For c ∈ H , let Bad(c)= {a ∈ H ∩ Ât+1(B) : cBa and c /∈Ua}.
For c ∈ H 2∗1 , let Bad1(c) = {a ∈ H ∗1 : cB1a and c /∈Ua1 }. Let c ∈ H 2∗1 . We show that
Bad1(c) is ﬁnite.
If rkB(c)< , then for every a ∈ H ∗1 : if cB1a, then c ∈ Ua1 . So Bad1(c)= ∅.
Next suppose that rkB(c) = . Let a ∈ Bad1(c) − {c}. So cB1a. By Facts 2 and 3; (i)
cBa = c, (ii) c · a∼Bc and (iii) rkB(a)= + 1.
If rkB(c · (a − 
	a))= , then, by (i), c ∈ Ua4 . So a /∈Bad1(c).
Next suppose rkB(c · (a − 
	a))< . By (ii), rkB(c · a)= rkB(c)= , and thus rkB(c ·

	a) = .By (iii), 	a ⊆ Ât+1(B). Let g(a) ∈ 	a be such rkB(c · g(a)) = . So there
is cˆa ∈ 	c such that cˆaBg(a). Note that rkB(cˆa) = rkB(c) = . Suppose ﬁrst that cˆa ∈
Ug(a). cˆaBc. Hence c ∈ Ua3 , and thus a /∈Bad1(c). Next suppose that cˆa /∈Ug(a), that is,
g(a) ∈ Bad(cˆa). By Fact 4, for such distinct a1, a2 ∈ Bad1(c), 	a1 ∩ 	a2 = ∅, and thus
a → g(a) is one-to-one. g(a) ∈ Bad(cˆa) ⊆ ⋃{Bad(cˆ) : cˆ ∈ 	c}, and, by Clause (P2) of
the lemma,
⋃{Bad(cˆ) : cˆ ∈ 	c} is ﬁnite. Hence Bad1(c) is ﬁnite. So Clause (5) of Lemma
2.4 is fullﬁlled that ends the proof of Lemma 2.5. 
Proof of Main Theorem 1.4. Assume MA plus ℵ1< 2ℵ0 .
(a) Let  be a countable ordinal and < 2ℵ0 . Let B be a Boolean algebra such that
(B) = 〈ℵ0 : i < 〉̂ 〈,ℵ1, n〉. Let I := I+2(B) and H be a CSR for I. We shall deﬁne
{Ua : a ∈ H ∩ Ât+1(B)} satisfying Clauses (P1) and (P2) of Lemma 2.5.
For every distinct a1, a2 ∈ H ∩ Ât+1(B), let 	(a1, a2)={c ∈ H ∩ Ât(B) : cBa1 and
cBa2}. So 	(a1, a2) is ﬁnite. Let H	 =⋃{	(a1, a2) : a1, a2 ∈ H ∩ Ât+1(B) and a1 =
a2}. H	 ⊆ H ∩ Ât(B), and since |H ∩ Ât+1(B)|ℵ1, |H	|ℵ1.
Let {e : <ℵ1} be a 1–1 enumeration ofH	∪ (H ∩ Ât+1(B)). Let f : ℵ1×ℵ1 → ℵ1
be deﬁned as follows. If |{e, e} ∩ (H ∩ Ât+1(B))|< 2, then f (,) = 0. Otherwise,
f (,)=max({0} ∪ { : e ∈ 	(e, e)}). Let F be a closed and unbounded set in ℵ1 such
that for every  ∈ F and ,< , f (,)< .
We deﬁne {Ua : a ∈ H ∩ Ât+1(B)}. Let a ∈ H ∩ Ât+1(B) and suppose that a=e. Let
 be the minimal element of F such that < , and letUa={e : < }∩{c ∈ H ∩Ât(B) :
cBa}. So obviously, for every a ∈ H ∩ Ât+1(B), Ua ⊆ I+2(B)= I and |Ua|ℵ0. So
Clause (P1) of Lemma 2.5 holds.
Let c ∈ H ∩ Ât(B). If c /∈H	, then |{a ∈ H ∩ Ât+1(B) : a!Bc}|1. Assume that
c ∈ H	 and let c=e. Let  be the maximal element of F such that . Since the members
of F are closed under f, there is at most one <  such that eBe. Also, for every : if
e ∈ H ∩Ât+1(B) and eBe, then e ∈ Ue . It follows that for every c ∈ H ∩Ât+1(B),
|Bad(c)|1. So Clause (P2) of Lemma 2.5 holds.
By Lemmas 2.5 and 2.4, B is HDCWG.
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(b) Let B be a superatomic Boolean algebra andA be a subalgebra of B. It is easy to check
that (†) for every a ∈ A, rkA(a)rkB(a).
Let B be a Boolean algebra of cardinal sequence (B)=〈ℵ0, 2ℵ0 ,ℵ1, n〉. It follows from
(†) and the fact that B is embeddable in the powerset algebra of , that every subalgebra
of B of rank 3 is of cardinal sequence (B) = 〈ℵ0,,, n〉, with 2ℵ0 and ℵ1. It
is also easy to check that every algebra of rank 2 is DCWG. So it sufﬁces to show that
every Boolean algebra of cardinal sequence (B)= 〈ℵ0,,, n〉, with 2ℵ0 and ℵ1
is DCWG.
Let I = I3(B) and H be a CSR for I. We deﬁne H	 ⊆ H ∩ Ât1(B) as in Part (a).
Let H	1 ⊆ H ∩ Ât1(B) be such that (i) H	 ⊆ H	1 ; (ii) for every d ∈ H ∩ Ât2(B),
|{c ∈ H	1 : cBd}|ℵ0; and (iii) |H	1 |ℵ1. Such a H	1 exists since |H ∩ Ât2(B)|ℵ1
and |H	|ℵ1.
Let H ′ = At(B) ∪ H	1 ∪ (H ∩ Ât2(B)) and B ′ = clB(H ′). It is easy to see that H ′ is a
CSR for I (B ′). So (B ′)= 〈ℵ0,′,, 1〉, where ′ℵ1. By Part (a) of the Main Theorem,
B ′ is DCWG. Let H ′1 be a CSR for I (B ′) such that for every h′ ∈ H ′ and h′1 ∈ H ′1:
(i) if h′∼B ′h′1 then h′1h′, and (ii) for h1, h2 ∈ H ′1, if h1B
′
h2 then h1h2. Note that
h′∼B ′h′1iff h′∼Bh′1. Suppose that d ∈ H ′1 ∩ Ât2(B) and c ∈ (H ∩ Ât1(B)) − H	1 satisfy
cBd. Let d ′ ∈ H ∩ Ât2(B) be such that d ′∼Bd. So cBd ′. Since H	 ⊆ H	1 , for every
c ∈ (H ∩ Ât1(B))−H	1 there is at most one d∗(c) ∈ H ∩ Ât2(B) such that cBd∗(c). For
every c ∈ (H ∩ Ât1(B)) − H	1 let c− be deﬁned as c · d∗(c), if d∗(c) exists; and if d∗(c)
does not exist let c− = c. Itis easy to see that H ′′ := H ′1 ∪ {c− : c ∈ (H ∩ Ât1(B))−H	}
is a CSR for I (B) such that for every a, b ∈ H ′′: if aBb, then ab, and for every h ∈ H
and a ∈ H ′′: if h∼Ba then ah. So I (B) is DCWG.
Now, the fact that B is DCWG follows from the following fact.
(*) Let A be a Boolean algebra. If clA(I (A)) is DCWG then A is DCWG.
(*) follows from the proof of Lemma 2.4. An alternative proof of (∗) is as follows.
LetH be a CSR forA and =H ∩ Âtrk(A)(A). So  is ﬁnite.We may assume that for distinct
e, e′ ∈ , e · e′ = 0. Let H ′ =H ∩ I (A). For every h ∈ H ′ there is at most one e∗(h) ∈ 
such that hAe∗(h). For every h ∈ H ′ let h− be deﬁned as h · e∗(h), if e∗(h) exists; and if
e∗(h) does not exist let h− = h. So h∼Ah−h. Let HA be a CSR for I (A) such that (i)
for every k ∈ HA and h ∈ H ′: if k∼Ah− then kh−, and (ii) for h1, h2 ∈ HA, if h1Ah2
then h1h2. Then HA ∪  is a CSR for A as required in (∗). 
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